EERRCEE OUANTUM FINITE ELEMENTFSHE@IRS
R@RECONFORMAL FIELDARSIE@IE

Rich Brower, Boston University
RBRC Workshop on Lattice Gauge Theories 2016 — March [0

# See Quantum Finite Elements for Lattice Field Theory M. Cheng, G. Fleming, A. Gasbarro,
T. Raben, C-l Tan & E. Weinberg Latt15 http://arxiv.org/abs/1601.01367



http://arxiv.org/abs/1601.01367

Our Quantum Finite Element (QFE) method is
at the intersection of two traditions

. CLASSICAL FEM# for PDEs on smooth Riemann Manifolds
FEM: Alexander Hrennikoff (194 1) Richard Courant (1943)*
Discrete Exterior Calculus* (de Rahm Complex;, VVhitAeycEcREEn
II. QUANTUM FEILDS on random Lattices.
Reosc Galculus Th Regge, Nuovo Cimento |7 CEF6ilNiSSeRa
Random Lattices: N. H. Christ, R. Friedberg, and T. D. Lee, Nucl. Phys.
ERIIREONCII82).* Fermion Fields on a Ranhdemiisatile=ais
Friedberg, T.D.Lee and Hai-Cang Ren Prog. of Th. Physics 86 (1986).

Topology/Chirality ‘tHooft, Leuscher et al for QCD

# Google: “Finite Element Method” ==> 25,500,000 results (0.46 seconds)



MOTIVATION*
A IEOUANTIZATION OF CONFORMAL RIEEDSRSIEEI

Boundary of
R x T3 VS R Seis Global AdS5

<

Isometries are the
conformal group O(5,1)

H=PFyint = D in 7 = log(r)
On lattice scales exponentially

1 <t <ol — I <7="loglE

* See “Lattice Radial Quantization: 3D Ising” by Brower, Fleming and
Neuberger Phys.Lett. B/21 (2013) 299-305.

Potential Application: (1) BSM composite Higgs Model Building (2) AdS/CFT weak-
strong duality, (3) Critical Phenomena in general, etc




CFT OPE expansion and Conformal Bootstap
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(.e. Data: spectra + couplings to conformal blocks)

CFT Bootstrap: OPE & factorization completely fixed the theory



INE@UALITIES FROM BOOTSTIRA RS

Allowed Region Assuming A(e)=3.8

Stronger assumptions!
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e %“Solving the 3D Ising Model with the Conformal Bootstrap” (El-Showk,
Paulos, Poland, Rychkov, Simmons-Duffin and Vichi) arXiv:1203.6064v v [hep-th] (2012)



FECING QOUANTUM FIELDGHEHINES
MIEMANNSIMPLICIAL CORMISISISZS

+ Scalar Theory: Classical FEM i
* Dirac [heory: Lattice Spin Connection

e Renormalization: 2D Test of Counter Terms

S lilre: D > 2 & Gauge Theories
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Replace Ising Model by phi 4t
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TEST CFT: PHI4TH
WILSON-FISHER FIXED POINT IN 3D.

i / d*x[\/99"" 0,90, + A/g(¢” — 117 /20)7]

approximate spherical
Y/ triangles onto
local tangent plane




Simplicial Complex: Lattice vs dual Lattice. Discrete Exterior Calculus

1. First replace the smooth Riemann manifold (M, g) by an approximating
piecewise flat manifold (M., g,) composed of elementary simplices.

2. Second expand the field, ¢(x), in a finite element basis on each simplex:

$(x) = W*(z)s.



FEM geometry on edges.
3
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t12 = T2 — T

Singular Curvature at Vertex!

The I's fix metric and the local co-ordinates
(diffeomorphism) and the angles the intrinsic curvature.



FEGGE C AL CULUS FORMUTIEAIHIGHIN

LINEAR FEM/ REGGE CALCULUS *

(Or — i) (DK — &)

g(’f)gij(k) .
itk;

l OnlyforD =2

Delaunay Link Area: Ag = hily

2
(¢2 mos ¢3) DISCRETE EXTERIOR CALCULUS

FEMAd or

l% CHRIST FRIEBERG & LEE

* H. Hamber; S. Liu, Feynman rules for simplicial gravity, NP B475 (1996)



Order s Refined Triangulated Icosahedron
s =8

s =1

1=0(A),1(T1), 2 (H) are irreducible 120
Iscosahedral subgroup of O(3)



FEM FIXES THE HUGE SPECTRAL DEFECTS
OF THE LAPLACIAN ON THE SPHERE

Fors = 8 first (I+1)*(l +1) = 64 eigenvalues

BEFORE (K = I AFTER (FEM K’s)

il S




SPECTRUM OF FE LAPLACIAN ON
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QFEM DIRAC EQUATION: MucH HARDER
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S =5 [ PoyGile (0, - Jwi(e)) + miv(
et (z) = et(z)y®  Verbein & Spin connection™®
wu(x) = W,Zb(x)aab 5 = 0 Al 2

(1) New spin structure “knows'™ about intrinsic geometry

(2) Need to avoid simplex curvature singularities at sites.

(3) Spinors rotations (Lorentz group) is double of O(D).

B2 as 6 — 27

BEBERsatisty the tetrad postulate! Lovlagedl _ ¢l 4 ¢t
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BERDIRAC TRIAGULAR LATHISS
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9 pts (orange) |6 pts (red) 25 pts(green) 100 pts (yellow)



Continuum Acton

S = [ Py Blet (0, — iwa(@) + miv(z)

Tetrad Postulate \
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Simplicial Lattice Action
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WILSON/CLOVER TERM
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Construction Procedure for Discrete Spin connection

(1) Assume Elements with Spherical Triangles (i,jk) or boundaries give
by geodesics on an 2D manifold

(Angles at each vertex add to 2 pi exactly)

(2) Calculate discrete “curl” around the triangle

0402424 = 270
(3) Fix Qij LS :Qij SO On ~ Az'jk/ilﬂ'R

Sphere: or any manifold with this topology has a unique lattice spin connection
up to gauge Lorentz transformation on spinors

Torus: There are 4 solutions: (periodic/anti-periodic): Non-contractible loops.

Category Theory: A spin structure is a property shared between any simplicial complex and
Riemann manifolds to which they correspond.




Lattice Spin Connection on simplicial lattice
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The spin connection is gauge field whose curl gives the local curvature or
deficit angle

Geodesics and Parallel Transport is easy on a Sphere: In general use a
Relaxation to fix Gauge Field

A Bu() o, 0@ —0,0,08
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EDIRAC SPECTRA ON SEFISE
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QUANTUM COUNT
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IE 2D SING/PHI 4™ ON THE RIEMANNESRISIEES

T+ 0y
1+ 2

projection £ = tan(9/2)e™ =

P(co)

Conformal Projection + Weyl Rescaling to the Sphere



e SOLUTION TO C = 1725 @l

Exact Two point function

.
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@liieal Binder Cumulant  Ug =1 — = 0.567336

Dual to Free Fermion



SINIDER CUMULANT NEVER CONVERGES
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DIV ERGENCE BREAKS ROTAIRCHNS

O e = xe@ee))

one configuration average of config.



ON

OOP COUNTER TERM
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One loop
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s=24, Lt=4s, m=1.8+msc/g->nv, One loop error
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PEL OF COUNFERSRSEN

sm3 = Y2 1og(N//3z) + O(1/N)
& ) Cx2_+_y2_+_1 }%2)3/2

No counter term s <32
Analytic s<128

Dilation of FEM diffeomorphism: ¢ = o
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N®ABINDER CUMULANT CONVEREESS
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analytic CT, 1°=1.8224
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77357161’ 3565’ 64883’ 3049501 234577 435643’ 30930653 187963199’ 5450932771

Very fast cluster algorithm:

Brower, Tamayo ‘Embedded Dynamics for phi 4" Theory” PRL 1989. Wolff

single cluster + plus Improved Estimators etc



2 FOUR POINT FUNCHRSIS

OPE Expansion: ¢ x¢dp=1+¢? or oxo=1+¢
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s=24, Lt=4s, m=1.8+xmsc/g->nv, One loop error
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s=24, Lt=4s, m=1.8+«msc/g->nv, Two loop error
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BES O OFE NEEDS COUNTERSRERNIS

EREROACHES

(1) Explicitly Subtract Finite Terms for Super Renormalized Theories
(1) Pauli-Villars®* 1949 (or Feynman and Stuekelberg)

1

|
p? + M2, _ p?+p /M2, 1/5 < MPV < 7T/CL

1
p?

(i) Working on smooth methods for D = 4 & Non-Abelian Gauge
Theory

(Iv)Would prefer not to have to use Quenched Randomize
Simplicial Lattices but it may also work!?



b

Bootstrapping 3D Fermions

Luca Iliesiu?, Filip Kos?, David Poland®, 1508.00012v1.

Ay

1.15 120

Gross Neuve (-Yukawa)

N =1 SUSY-Ising



UUICEI [ ONISE
HTTPS:/ENWIKIPEDIA.ORG/WIKI/600-CEL L

16 vertices of the form:[Bl (£l2, £15, 15, +14%),
8 vertices obtained from (0, 0, 0, +1) by permuting coordinates.

96 vertices are obtained by taking even permutations of ¥z (x¢, =1, +1/¢, 0).

https://en.wikipedia.org/wiki/List of regular polytopes and compounds#Five-dimensional reqular polytopes and higher



https://en.wikipedia.org/wiki/600-cell
https://en.wikipedia.org/wiki/Even_permutation
https://en.wikipedia.org/wiki/List_of_regular_polytopes_and_compounds#Five-dimensional_regular_polytopes_and_higher

QFE PLANS

@@ (ROITATION:

» 2+1| Radial Phi 4th/3D Ising CFT  (with cluster algorithm)

S cendiPeier Boyles GRID to HMC on Simplicigi Sphicies
(Interesting 3D Problem for Dirac/Scalar Theories.)

* 3 Sphere starting with 600 cell: 4 Sphere ?

Sl EORY:

* Prove QFE for super renormalizable theories

« Renormalization of 4d non-Abelian FT / /
dw = W
o oo

elanit/, DEC for Quantum FT



Using Binder Cumulants

In infinite volume

3 Ma — n . .
o= 5 (- g) n = (9") Usn=0 in disordered phase
15 mg My .
v = 2 (1 e ) Usn=1 in ordered phase
ms Mg mi 2 my L
Us = §<1_630m§+425m§+18 m§_3m§> O<U2n<1 On Cr|t|Ca| Surface
U 2835 mio ms me My mg 5 mi 5 my
- 992 < 22680 mg 504 m% B 108m§ 18 mg + 36 m% 6 m%) Icosahedron(s) Ny=1 A=1.0 s=200
155925 mio mio me My ms 1.0 | R — | . — B g o @
Uz = “oas < 1247400 mS ' 18900 m3 ' 2520 m§ 420 mi i | o é ¢ i
m2 memmy me m3 m?2 my i ° 0 ]
27()()(;77,8 45 m3 15 m3 108 mS 4 mi ; m%) 0.8 — fg ]
* Uoyor are universal quantities. 0.6 o - ﬁf ou,
D“g’ i o o g 8? i
¥ i o + Uy 1
* Deng and Bl6te (2003): U, =0.851001 o4l o ‘ -~
« Higher critical cumulants computable ) SR =
using conformal 2n-point functions: [o,°- ]
Luther and Peschel (1975) Y B S S S E
1.815 1.820 1.825

Dotsenko and Fateev (1984) 2



BINEAR FINITE ELEMENT APEREEES
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